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near and nonlinear problems in bounded
domains .

We want to look at :

1) Hardy inequalities § trial> =µ§ñ
or a %

2) Hardy operator - D- For
3) Nonlinear problem - Ah - ⇐ u + UP __ 0

inDD - bounded smooth domain



1) Hardy inequalities with distance to the boundary
open

D- boundedT - domain in IRN
,

N>2

08 is a C
?
-manifold

8g (x) =dist(× ,@D) = min 1×+1 (✗ ⇐D)
YE0R

Example : 8ps
, G) =/R - ✗ / - non smooth !
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But 8s is Lipschitz
,

•

•

✗ R
• always

% if 08 is Lipschitz
non - Lipschitz !
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Notations : Dp={✗£8 :& < p}
-8- strip around@R

rp={×eD:OrG)=p}

⇒ o8p=dDuTp.
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Lemma (Local Hardy inequality )
Shout > * 9£

,

fuec:(%) ,
☐
{ is sharp ! ltpelo>f)



Tools : If D is a CZ - domain then :

1) 75>0 : 8sec> (Rs) and Tp- is E-domain,
re is C2TEEPEE2) If ✗ c- Te 3- unique ⑦ G) c-OR,

¥? 1×-0-1×31 = 8rad

3) ¢8s/ = I + • (8D , ✗ →OR .
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Half - plan
e. mode

e
"

IR?
distlx.BR?)-- ✗ a



a) - D8 G) = IN -1) No (o(xD + • (81×3)
,
✗ →OR

No G) - mean curvature of OR at YE0R

Ito is bounded
,
8 is convex ⇒ Ho>0

5) ☐89 = P8B
"

☐8

Ex
.

-D8 = -B ( p - 1) 892 I☐812 - B8F
' D8 =

→ Yeo
= -

ftp.dot?(N-DoB-Ylo(o-t-D+-Tr--.EEYr-+ • (8D



Summary : - D8 ④- ftp./)oB-2inDp-
Almost - C-B)

"

= - ftp.ptP-2
"

one dimensional
"

Exercise
.

- ☐③Blog :( > to"log:(⇒
¥ ¥

Finds
⇒ Stop -45¥ -0 tee:(%-)8

or

by AAP - principle
- proof of eoeae Hardy inequality



Theorem ( Ancona
,
Marcus -pinehove-Mia.ee)

I -98 is a bounded CZ -domain then :

1) Shook > i.9¥ V-ee.ci/dp-)(eocaetlardy)
a s

2) floral
'

> 9+18)9¥ tteee:(D)
s (global Hardy)

a) 0<9+18)s&
b) CH1R)=& if Sdiseonvex (Ancona)
c) feet ,:) ]-D: CH1R)=E , NÉS



Hardy operator : - D - £ in 52

and we assume µ E
'

-4
1 I • µ

3-se.iÉ+H i.☒ptuesupersod .

in@ p⇒É
We want to understand boundary behaviour
of sub and super-solutions nearOR
for aee µ sty .



Compute - ☐8 - ¥8 =L- ftp.t) - µ)
"

+ • (8+2)
a

1) B. e- (B- , p+)
⇒ 88 is a supersee

• is 2) p¢ If , p+]
⇒ is a subset

- plp - 1)

3) 8%8 =
" almost

" solutions : - ☐8£ - 1,8£ ± Glo

sigkngeaqg.pt?;..yq..a..e
µ
--0 : p - = 0, P + = I



µ=o : const and 8 are
"almost

"

solutions

µ=t 8¥ and 8" log (G) are " almost" see

-

Agnon's trick :

1) 8%(1-8) - supersee ~ 88+-8
"•

8%(1+8) - subsoe↳ in De2) 8 + (1+8) - small subset .
89-(1-8) - large subsoe .



By compason ,
minimal solution U a 8

+

Agmon's solution N e 8
-

( µsCx④


